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Quantization of gravitation theory as gauge theory of general covariant transformations in the 
framework of Batahn-Vilkoviski (BV) formahsm is considered. Its gauge-fixed Lagrangian is 
constructed. 
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CN . 1 Introduction 

i/-^ \ Classical gauge gravitation theory has been developed in different variants since 60th (see 
^ ' [1, 2, 3] for a survey). We describe gravitation theory as a standard gauge theory on fiber 
bundles where parameters of gauge transformations are vector fields on a base manifold 
p X. The well-known BV quantization technique [4, 5] can be applied to this theory. Since 
this quantization technique fails to provide a functional measure, we restrict ourselves to 
constructing a gauge-fixed Lagrangian. 
^ Recall that an r-order Lagrangian of a Lagrangian system on a smooth fiber bundle 

lh ■ F — > X is defined density 
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L = Cuj:rY^h T*X, uj = dx^ A---A dx"", n = dimX, (1) 

on the r-order jet manifold J^Y of sections of y ^ X [6, 7]. Given bundle coordinates 
{x^,y'') on Y, the jet manifold J''Y is endowed with the adapted coordinates {x''',y\y\), 
where A = (Afc...Ai), A; = 1, . . . , r, is a symmetric multi-index. We use the notation A + A = 
(AAfc...Ai) and 

d, = dx+Y.yl+A9t dA = d,^o...odx,. (2) 

0<|A| 

A Lagrangian system on a fiber bundle is said to be a gauge system if its Lagrangian L 
admits a gauge symmetry depending on parameter functions and their derivatives. In order 
to describe a gauge system, let us consider Lagrangian formalism on the bundle product 

E = YxW, (3) 
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where W ^ X is a vector bundle whose sections are gauge parameter functions [8]. Let 
W ^ X he coordinated by {x^, ^^). Then a gauge symmetry is represented by a differential 
operator 

Y: v^A^\y\,)CA (4) 

0<|A|<m 

on E (3) which is linear on W and takes its values in the vertical tangent bundle VY of 
Y ^ X. By means of a replacement of even gauge parameters and their jets ^\ with the 
odd ghosts and their jets c^, the operator (4) defines a graded derivation 

^= E vi:\x\y\,)c\d, (5) 

0<|A|<m 

of the algebra of the original even fields and odd ghosts. Its extension 

^= E Vl^'^cld. + vrdr (6) 
0<|A|<m 

to ghosts is called the BRST transformation if it is nilpotent. Such an extension exists if 
the original gauge transformations form an algebra [9]. 

As was mentioned above, gauge transformations in gauge gravitation theory are pa- 
rameterized by vector fields on X. In this case, the vector bundle W ^ X possesses 
the composite fibration W TX — > X, where TX is the tangent bundle of X . Here, 
we are concerned with the following three gauge gravitation theories: (i) the metric-affine 
gravitation theory on natural bundles describing gravity in the absence of matter fields, 
(ii) gauge theory on principal bundles with non-vertical gauge transformations which de- 
scribes gauge potentials of internal symmetries in the presence of a gravitational field, (iii) 
gauge gravitation theory in the presence of Dirac fermion fields. The corresponding gauge 
transformations (12), (16), (38), (39), gauge symmetries (59), (61), (63), (65), and BRST 
symmetries (87), (88), (89) are obtained. However, we apply the BV quantization procedure 
only to the first of these gauge models describing pure gravity. We construct its extended 
Lagrangian (98), depending on ghost and antifields, and then the gauge- fixed Lagrangian 
(104), where antifields are replaced with gauge- fixing terms. 

2 Gauge gravitation theories 

Classical theory of gravity in the absence of matter fields can be formulated as a gauge 
theory on natural bundles over an oriented four-dimensional manifold X. The group of 
automorphisms of a natural bundle contains the subgroup of general covariant transforma- 
tions defined as the canonical hft of diffeomorphisms of X. They are gauge transformations 
of metric-affine gravitation theory on natural bundles whose variables are linear connections 
and pseudo-Riemannian metrics on X. 
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Linear connections on X (henceforth world connection) are connections on the principal 
bundle LX of linear frames in the tangent bundle TX of X with the structure group 
GL4 — GL+(4, M). These connections are represented by sections of the quotient bundle 

Ck = J^LX/GL^, (7) 

where J^LX is the first order jet manifold of sections of LX X [6, 7]. This fiber bundle 
is provided with bundle coordinates {x^, kx'a) such that, for any section K of Ck X, its 
coordinates kx'a o K — K^^a are coefficient of the linear connection 

K^dx^® {dx + Kx^'uX^'d^) 

on TX with respect to the holonomic bundle coordinates {x^^x^). Note that the first order 
jet manifold J^Ck of the fiber bundle (7) possesses the canonical decomposition taking the 
coordinate form 

kx^l"p = ^{R\iu"i3 + Sxij"/3), 

Rxi.'^p = - k^x^'p + k^'^.kx'p - A;a%A;/^, (8) 
^Am"^ = ^a//3 + V"^ - K'^ekx'p + kx'^ek^^'p. (9) 

If X is a section of Ck X, then Ro K \s the curvature of the world connection K. 

In order to describe gravity, we assume that the linear frame bundle LX admits a 
Lorentz structure, i.e., a principal subbundle L^X C LX whose structure group is the 
proper Lorentz group L = S'0°(l,3). By virtue of the well-known theorem [10], there 
is one-to-one correspondence between these subbundles and the global sections h of the 
quotient bundle 

Et = LX/h. (10) 

Namely, L'^X = h*LX is the bull-back of LX — > by h. We agree to call Et the tetrad 
bundle. This is the twofold of the metric bundle 

E = LX/50(1,3), (11) 

whose sections are pseudo-Riemannian (henceforth world) metrics on X. Being an open 

2 

subbundle of the tensor bundle V TX, the bundle E (11) is provided with bundle coordinates 
{x\a^"'). 

The configuration space of gauge gravitation theory in the absence of matter fields is 
the bundle product E x Ck- This is a natural bundle admitting the canonical hft 

UKi: = W'd^ + {a'f'd^u" + a^'^d^u^) ^ + (12) 
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of vector fields u = u^d\ on X [6] . This lift is a Lie algebra homomorphism, and the vector 
fields (12) are infinitesimal generators of local one- dimensional groups of general covariant 
transformations, whose gauge parameters are vector fields on X. 

Dealing with non-vertical automorphisms of non-natural bundles, one also comes to 
gravitation theory. For instance, let us consider the gauge theory on a principal bundle 
P — > X with a structure Lie group G. In a general setting, the gauge-natural prolongations 
of P and the associated natural-gauge bundles are called into play [11, 12]. Principal 
connections on P are represented by sections of the quotient 

C = J^P/G X, (13) 

called the bundle of principal connections [6]. This is an affine bundle coordinated by 
{x^, a\) such that, given a section A of C ^ X, its components A\ = a\o A are coefficients 
of the familiar local connection form (i.e., gauge potentials). Infinitesimal generators of local 
one-parameter groups of automorphisms of a principal bundle P are G-invariant projectable 
vector fields on P ^ X. They are represented by sections of the vector bundle TqP — 
TP/G X. This fiber bundle is endowed with the coordinates {x^,t^ — x^,C) with 
respect to the fiber bases {d\, Cj.} for TqP, where {e^} is the basis for the right Lie algebra 
g of G such that [cp, Cq] — CpgCr- The bracket of sections of TqP X reads 

Up — U^dx -\- U^Cr, Vp — V^d\ -\- v'^Cr, 

[up, Vp] = {u^Oy - v^dy)dx + {u^dxv' - v^dxu"- + c;^«^t;^)e,. (14) 

Any section up of the vector bundle TqP X yields the vector field 

uc = u^dx + (c;^a>^ + d,u^ - aldxu^)d^ (15) 

on the bundle of principal connections C (13). For instance, this vector field is a gauge 
symmetry of the global Chern-Simons Lagrangian in gauge theory on a principal bundle 
with a structure semi-simple Lie group G over a three-dimensional base X [13]. In order 
to obtain a gauge symmetry of the Yang-Mills Lagrangian, one have to extend the vector 
field (15) to the vector field 

uc^ = u>^dx + (c;,aV + dxu'' - aldxu^)d^ + {a'^^d^u'^ + a^'^d^u^)-^ (16) 

on the bundle product C x E of G and the metric bundle E (11). 

The physical underlying reasons for the existence of a Lorentz structure and, conse- 
quently, a world metric are Dirac fermion fields. They are described by sections of Dirac 
spinor bundles, which fail to be natural. In order to develop gauge theory of gravity in 
the presence of Dirac fermion fields, one has to define general covariant transformations of 
these fields. 
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Recall that Dirac spinors are described in terms of Clifford algebras as follows [14, 15]. 

Let M be the Minkowski space equipped with the Minkowski metric r] of signature (H ), 

and let {t"} be a fixed basis for M. The complex Chfford algebra Ci_3 is defined as the 
complexified quotient of the tensor algebra ®M of M by the two-sided ideal generated by 
elements 

t®t' + t' ®t-2r]{t,t') e®M, t,t' e M. 

The Dirac spinor space Vg is introduced as a minimal left ideal of Ci_3 on which this algebra 
acts by left multiplications. There is the representation 

-f-.M^V^V, 7(i") = 7", (17) 

of elements of the Minkowski space M C Ci^a by the Dirac 7-matrices on Vg. Different ideals 
Vg lead to equivalent representations (17). The complex Clifford algebra Ci 3 is isomorphic 
to the real Clifford algebra M2,3, whose generating space is endowed with the metric 

of signature (H h). Its subalgebra generated by elements of M C is the real 

Clifford algebra Mi,3. The Clifford group Gi^s consists of the invertible elements Ig of ]Ri^3 
such that the inner automorphisms defined by these elements preserve the Minkowski space 
M C Mi,3. Since this action of Gi,3 on M is not effective, one consider its spin subgroup 
Lg — SL{2, C), acting on the spinor space Vg by means of the generators 

Lab=^[la,lb]- (18) 

This action preserves the representation (17) and the spinor metric 

a{v, v') = ^{v+-f%' + t;'+7%), v, v' G K. (19) 

The spin group is the universal twofold of the proper Lorentz group L. Given the 
universal twofold GL4 of the group GL4, we have the commutative diagram 

GL4 — > GL4 

I (20) 
L, ^ L 

Note that the group GL4 admits spinor representations, but they are infinite-dimensional 
[2, 16]. Let us consider the GL-principal bundle LX — > X which is the twofold of the hnear 
frame bundle LX [17, 18, 19]. We agree to call it the spin frame bundle. One says that 
LX admits a Dirac spin structure if there exists its L^- principal subbundle P^. Then we 
have the commutative diagram 

LX^ LX 

I (21) 
ph — , i^hx 
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where L^X is some Lorentz structure [20, 21]. As a consequence, LX /Lg = (10), and 
there is one-to-one correspondence P'^ = h*LX between the Dirac spin structures P^' C LX 
and the global sections h of the tetrad bundle E^- — > X. We agree to call these sections the 
tetrad fields because of the following. 

With respect to the holonomic frames {d^} in the tangent bundle TX, every element 
{Ha} of the linear frame bundle LX takes the form Ha — H^d^. The matrix elements i?^ 
constitute the bundle coordinates on LX X such that the transition functions and the 
canonical right action of GL4 on LX take the form 

= ' GL,3g: Hj^ ^ Hi;g\. 

Let collections of local sections ^ = {z*} and ^ = {z^ = C°-s|} yield associated atlases 
of the principal bundles LX — > T,t and LX — > T,t, respectively. Then the tetrad bundle 
T,T ^ X can be provided with bundle coordinates {x^,cr^^ — H^ o (e)- Components of 
a tetrad field h with respect to these coordinates are tetrad functions /i^ = o h. The 
familiar relation g^^'^ = h^h^rjab between tetrad functions and metric functions of the world 
metric g : X — ^ T^t S holds. 

There is the well-known topological obstruction to the existence of a Dirac spin struc- 
ture. Let us restrict our consideration to non-compact manifolds X. Then a Dirac spinor 
structure exists iff X is parallclizable [22] (e.g., X = M x Z because any orientable three- 
dimensional manifold Z is parallelizable [23]). In this case, the spin frame bundle is unique 
and all Dirac spin structures are equivalent [22, 24], i.e., all L^-principal subbundles 
of LX are pairwise isomorphic by means of automorphisms of LX and isomorphic to the 
trivial L^-principal bundle P^ ^ X. 

Since LX — > Er is an L^-principal bundle, one can consider the associated spinor bundle 

S ^(LX xVs)/Ls^^T (22) 

over Er [6, 21]. We agree to call it the universal spinor bundle because, given a tetrad field 
h, the pull-back = h*S ^ X of S onto X is a spinor bundle on X which is associated 
to the L^-principal bundle P^. Sections of describe Dirac fermion fields in the presence 
of a tetrad gravitational field h. Given an atlas ^ of LX and the corresponding bundle 
coordinates {x^, a^) on Et, the universal spinor bundle S (22) is endowed with bundle 
coordinates {x^,a^,y^), where are coordinates on the spinor space Vg. 

The universal spinor bundle 5" ^ E^ is a subbundle of the bundle of Chfford algebras 
which is generated by the bundle of Minkowski spaces 

Em = {LX X M)/L^Et (23) 



6 



associated with the L-principal bundle LX — > E^^. Then due to the representation 7 (17), 
there exists the representation 

7s : T*X ®S — >(LX x (M® y))/L, ^ (LX x 7(M®T/))/L, = S, (24) 

defined by the coordinate expression '^■^{dx^) — cr^^"'- 

Given a world connection K on X, the universal spinor bundle S T,t is provided 
with the connection 

As = dx^ ® (dx - ^(r?^V^ - r?^Vj)<X/,L,/By^9A) + (25) 
d<7'k ® (^J + liv''<^: - ^'Vj)L„/5y^a^). 
Given a tetrad field h, its restriction to is the familiar spin connection 

Kf, = dx^ [9, + ^(7;^''/i» - v'%){dxK - KK,'^,)Lab^By^dAl (26) 

defined by a world connection X [25, 26]. The connection (25) yields the first order differ- 
ential operator 

D :: J^S T*X ® S, 

D^dx>^^ [yt - - 77^Vj)(<7^, - a'^K,^.)La,^By'']dA, (27) 

on the fiber bundle S X. Its restriction to J^S^ C J^S recovers the familiar covariant 
differential on the spinor bundle ^ X relative to the spin connection (26). Combining 
(24) and (27) gives the first order differential operator 

V ^-f^o D : J^S ^ T*X (^S ^S, (28) 
= ^'aY'^Aiyt - liv^'cj^ - r;'=Vj)(a^, - a'^K,^.)L^,\y% 

on the fiber bundle S X. Its restriction to J^S^ C 7^5* is the familiar Dirac operator on 
the spinor bundle 5''* in the presence of a background tetrad field h and a world connection 
K. 

Thus, we come to the model of the metric-affine gravity and Dirac fermion fields. Its 
configuration space is the bundle product 

Y = Ck X S, (29) 
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coordinated by {x^^, a^, k^°'f^, y^). Let J^^Y denote the first order jet manifold of the fiber 
bundle Y — > Ht- This fiber bundle can be endowed with the spin connection 

Ay = dx' ® (dx - ^(r^'^V^ - r7'=Vj)(j^A;A^L„/BZ/^9A) + (30) 

With this connection, we obtain the first order differential operator 

Dy = dx' [yt - \{v''a; - r?^Vj)(a^, - <fc/.)L„/sy^]9A, (31) 
and the total Dirac operator 

T^Y = ^'a^^Aivt - \iv''cT; - v"'^l){a'^x, - ^lkx'.)La,^By% (32) 

on the fiber bundle Y X. Given a world connection K : X ^ Ck, the restrictions of 
the spin connection Ay (30), the operators Dy (31) and Vy (32) to K*Y are exactly the 
spin connection (25), the operators (27) and (28), respectively. The total Lagrangian of 
the metric-affine gravity and fermion fields is the sum of a metric-affine Lagrangian Lma 
depending on the variables a^'^ = a'^a^rj"'^, k^^'p and the Dirac Lagrangian constructed from 
the Dirac operator (32) and the spinor metric (19) [6, 21]. 

Turn now to gauge transformations in this gauge theory. The spin frame bundle LX — > 
X as like as the linear frame one LX — > X is natural, and it admits the canonical lift of 
any vector field on X. Hence, the universal spinor bundle S* ^ X is also natural, and 
the canonical lift Us onto S of vector fields on X exists. The goal is to find its coordinate 
expression. Difficulties arise because the tetrad coordinates on depend on the choice 
of an atlas of the bundle LX. Therefore, non-canonical components appear in the 
coordinate expression of us [21, 26]. 

Since the fiber bundles LX — > X, GL4 — > GL4/L and, accordingly, the fiber bundles 
LX X, GL4 Lg are trivial, the fiber bundles LX — > and S ^ T,t are also trivial. 
Let ^ be an atlas of LX — > with transition functions constant on fibers of Ey. This 
atlas provides a trivialization LX = P° x Ey and the corresponding trivialization 

S^S^x^T (33) 

of the universal spinor bundle. With respect to such an atlas, one can define the lift 

us = u^dx + d^u'^a^dl + (34) 
1 (^^V^ - ii'^al){d.u^al - u''ai:,){-Lj,a^d: + L„/s|/^a^), 
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onto S of vector fields u = u^d\ on X. This lift however is not a vector field because it 
depends on the jet coordinates a'^f,. It is a generalized vector field (see the next Section). 
Its projection onto S'^ in accordance with the splitting (33) is the well-known Lie derivative 

Uh = u^dx + \{r]^X - r)^%){d,u^hl - u''d,h1)La,^By^dA (35) 

of spinor fields in the presence of a tetrad field h [27, 28]. Note that the lift (34) fails to be 
a Lie algebra homomorphism. 

At the same time, one can think of the fiber bundle S ^ X (33) as being associated with 
the Ls-principal bundle P° — > X. Infinitesimal generators of local one-parameter groups of 
automorphisms of P° are represented by sections of the vector bundle TP^/L^ — > X which 
take the coordinate form up — u^dx -\- u^e^, where {e^} is the basis for the Lie algebra of 
hg. Any vector field up yields the vector field 

us = u^dx + {d.u'^a: - «™/^Vd)5a + u'^Im''By''dA (36) 

on the associated bundle S. These vector fields can also be regarded as infinitesimal gauge 
transformations of gauge theory of gravity in the presence of Dirac fermion fields. The total 
configuration space of this theory is the bundle product 

Y = S xCk (37) 



E 



T 



coordinated by (x^, cr^, A;^"/3, |/^). The generalized vector fields (34) and the vector fields 
(36) are extended to the fiber bundle (37) as 

usK = u^dx + + (38) 



USK = u'^dx + {d^u^al - u^Im\a2)dl + u^^Im^py^dA + (39) 

OK^ /3 

3 Gauge symmetries 

In a general setting, gauge systems on fiber bundle Y ^ X are described as follows [8] . 
With the inverse system of jet manifolds 

X^Y<^J^Y < r-^Y l^rY < , (40) 
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one has the direct system 

o*x ^ o*Y ^ oiY — o;_^Y "-H* o;y — >■■■ (4i) 

of graded differential algebras (henceforth GDAs) 0*Y of exterior forms on jet manifolds 
J^Y with respect to the pull-back monomorphisms t^^-i* ■ -'■^^ direct limit 0*^Y is a GDA 
consisting of all exterior forms on finite order jet manifolds modulo the pull-back identifi- 
cation. 

The projective hmit (J°°F, tt^ : J°°y J'^Y) of the inverse system (40) is a Prechet 
manifold. A bundle atlas {(C/y; x^, y*)} of y — > X yields the coordinate atlas 

{{m-\Uy);x\yX)}, y'\^^ = y^d,y'l < |A|, (42) 

of J°°Y , where are the total derivatives (2). Then 0*^Y can be written in a coordinate 
form where the horizontal one-forms {dx^} and the contact one-forms {d\ = dy\—y\_^_j^dx^} 
are local generating elements of the O^F-algebra 0*^Y . There is the canonical decompo- 
sition Ol^Y = ©O^'^y of 0*^Y into O^y-modules O^'^Y of A;-contact and m-horizontal 
forms together with the corresponding projectors hk : 0*^Y — > O^Y . Accordingly, the 
exterior differential on O*^ is split into the sum d — dn -\- dy ol the nilpotent total and 
vertical differentials 

dH{^) = dx' A dx{<p), dv{<P) = 91 A 0, <p e 0*^Y. 

Any finite order Lagrangian (1) is an element of O^Y, while 

SL = EiO' Auj= Yl (-l)'^'rfA(5f £)^* A e C^"y (43) 

0<|A| 

is its Euler-Lagrange operator taking values into the vector bundle 

V*Y ® A T*X, (44) 

Y 

where V*Y denotes the vertical cotangent bundle of Y X. Given a Lagrangian L and 
its Euler-Lagrange operator 6L (43), we further abbreviate A ^ with an equality which 
holds on-shell. This means that A is an element of a module over the ideal II of the ring 
O^Y which is locally generated by the variational derivatives £i and their total derivations 
dA£i. We say that II is a differential ideal because, if a local function / belongs to II, then 
every total derivative d\f does as well. 

A Lagrangian system on a fiber bundle Y ^ X is said to be a gauge theory if its 
Lagrangian L admits a family of variational symmetries parameterized by elements of a 
vector bundle W ^ X and its jet manifolds as follows. 



10 



Let VO^Y be the C[^F-module of derivations of the R-ring O^^Y. Any i9 G f OJ^F 
yields the graded derivation (the interior product) i^J^ of the GDA O^^Y given by the 
relations 

m-^(f), ^J(0A<7) = (^J0)A<j + (-l)l'^l(/)A(^J<7), /eO^y, <l>,aeOlY, 

and its derivation (the Lie derivative) 

L^0 = ^?J# + d(^?j0), L^((/)A0') = L^(0) A0' + 0AL40'), (l>,(t>' e O^Y. (45) 
Relative to an atlas (42), a derivation {} e reads 

^ = i?^9a + m + E ^i^f ' (46) 

|A|>0 

where the tuple of derivations {d^, d^} is defined as the dual of that of the exterior forms 
{dx'^, dy\} with respect to the interior product J [29]. 

A derivation is called contact if the Lie derivative (45) preserves the contact ideal 
of the GDA O^^Y generated by contact forms. A derivation v (46) is contact iff 

< = dA{^' - y^r) + y;^j,r, < |A|. (47) 

Any contact derivation admits the horizontal splitting 

^^^H + ^v^ ^^dx + {v'di + E dAy'dj") , v'^'&'- y^^''. (48) 

0<|A| 

Its vertical part '&v is completely determined by the first summand 

V = v\x^, yi)di, < |A| < A;. (49) 
This is a section of the pull-back VY x J'^Y — > J^F, i.e., a fc-order V^Y- valued differential 

Y 

operator on Y. One calls v (49) a generalized vector field on Y. 

One can show that the Lie derivative of a Lagrangian L (1) along a contact derivation 
■J? (48) fulfills the first variational formula 

L^L ^v}SL + dHihoi^j^L)) + Cdvi^Hlou), (50) 

where S^, is a Lepagean equivalent of L [29]. A contact derivation i? (48) is called variational 
if the Lie derivative (50) is dn-exact, i.e., L^L = dncr, a e 0^~^. A glance at the 
expression (50) shows that: (i) ■& (48) is variational only if it is projected onto X; (ii) 
d is variational iff its vertical part dy is well; (iii) it is variational iff v\8L is o?//-cxact. 
Therefore, we can restrict our consideration to vertical contact derivations 'd — 'dy- A 
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generalized vector field v (49) is called a variational symmetry of a Lagrangian L if it 
generates a variational contact derivation. 

In order to define a gauge symmetry [8], let us consider the bundle product E (3) 
coordinated by {x^,y'^,^'^). Given a Lagrangian L on Y, let us consider its pull-back, say 
again L, onto E. Let be a contact derivation of the M-ring 0%^E, whose restriction 

^ = ^e\oo^y = E d^^'^t (51) 

0<|A| 

to O^Y C O^E is linear in coordinates It is determined by a generalized vector field 
Ve on E whose projection 

V : J^E ^VE ^ ExVY 

Y 

is a linear yy-valued differential operator v (4) on E. Let 'Se be a variational symmetry 
of a Lagrangian L on E, i.e., 

ve\SL = v\SL = dH(T. (52) 

Then one says that v (4) is a gauge symmetry of a Lagrangian L. 

In accordance with Noether's second theorem [8], if a Lagrangian L (1) admits a gauge 
symmetry v (4), its Euler-Lagrange operator (43) obeys the Noether identity 

Ao5L = 0, (53) 
[ E A;'X^i]rc^=[ E (-l)l^lciA(z;;'^£:,)]ru; = 0, 



0<|A|<m 0<|A|<m 



where 



A = rA,c.= E CKHx\yi)y^,u = C[ E {-l)^''^d4vl'\)]uj, (54) 

0<|A|<m 0<|A|<m 

a;-^ = E (-l)|^+^|qa^|^-^^'""'^ 

0<|S|<m-|A| 

is the Noether operator on the fiber bundle (44), coordinated by {x^,y\y^), with values in 
the fiber bundle 

E*®1\T*X. (55) 

Y 

For instance, if a gauge symmetry 

V = {vie + vl'^il + vr'CJ^^ (56) 
is of second jet order in parameters, the corresponding Noether operator (54) reads 

a; = z;; - dX''' + t^^^X''^ a;-'^ = -i;;-'^ + 2d,i;;'''^ a;'^'^ = z;;'^^ (57) 
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4 Gauge symmetries in gauge gravitation theories 

Turn now to gauge symmetries of gauge gravitation theories mentioned in Section 2. 

Let start with the metric-afhne gravitation theory on the fiber bundle E x Ck with the 
infinitesimal gauge transformations (12) parameterized by vector fields on X. In this case, 
the configuration space (3) of the gauge system is the bundle product 

E ^IIxCkxTX, (58) 

XX 

coordinated by {x^,a'^^ ^kx" a,'T^), and the gauge symmetry (4) is the generalized vector 
field 

V = {T^a^' + r^- - r Vf ) ^ + (59) 

d 

(T°'h ^ a — t'^Jc " — T^h -I- — T^Jc "o' 



Let us consider the gauge theory of principal connections in the presence of a metric 
gravitational field on the fiber bundle C x E with the infinitesimal gauge transformations 
(16). The configuration space of the corresponding gauge system is the bundle product 

= C X E X TgP, (60) 

XX 

coordinated by {x^ , a\, a"'^ , , , and its gauge symmetry is given by the generalized 
vector field 

V = K,al^' + - ri:a; - r'^a^M + Ka^^ + 4'^'"' " ^'^a^) (61) 

The configuration space of the gauge theory of gravity in the presence of Dirac fermion 
fields is the fiber bundle (37). In the case of infinitesimal gauge transformations (38), the 
corresponding gauge system is defined on the bundle product 

E = S X Ck ^TX, (62) 
coordinated by {x^^ a^, kx'a, y^, t^)- Its gauge symmetry reads 

V = W'Vaea;a2 + S'^^S'^){ri:a'^ - r-^a^ + (63) 



d 
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If infinitesimal gauge transformations are vector fields (39) , the configuration space of this 
gauge system is the bundle product 



E^SxCkX Tl,P°, (64) 

coordinated by [x^, a^, kx'a, y^, 'T'^i C'"), and the gauge symmetry is 

V = {r>: - rV,", - rUcCrX + (C^m^By^ - r'^y^)9^ + (65) 

d 

5 BRST symmetries 

In order to introduce BRST symmetries, let us consider Lagrangian systems of even and odd 
variables. We describe odd variables and their jets on a smooth manifold X as generating 
elements of the structure ring of a graded manifold whose body is X [8, 29, 30]. This 
definition reproduces the heuristic notion of jets of ghosts in the field-antifield BRST theory 
[31, 32]. 

Recall that any graded manifold (21, X) with a body X is isomorphic to the one whose 
structure sheaf 21q is formed by germs of sections of the exterior product 

Ag* = M©Q*©Ag*©---, (66) 

XX X 

where Q* is the dual of some real vector bundle Q ^ X of fiber dimension m. In field 
models, a vector bundle Q is usually given from the beginning. Therefore, we consider 
graded manifolds {X, SIq) where the above mentioned isomorphism holds, and call {X, 21q) 
the simple graded manifold constructed from Q. The structure ring Aq of sections of 21q 
consists of sections of the exterior bundle (66) called graded functions. Let {c"} be the 
fiber basis for Q* — > X, together with transition functions c'" = p^c^. It is called the local 
basis for the graded manifold (X, 21q). With respect to this basis, graded functions read 

1 



. . . 

, , jai...aft,<- ) 

fe=0 



where fai-au are local smooth real functions on X. 

Given a graded manifold (X, 21q), let '^Aq be the ^g-module of Z2-graded derivations 
of the Z2-graded ring of Aq, i.e., 

uiff) = «(/)/' + (-i)t""^] /«(/'),« e X)Aq, fj' e Aq, 

where [.] denotes the Grassmann parity. Its elements are called Z2-graded (or, simply, 
graded) vector fields on (X, 21q). Due to the canonical splitting VQ — Q x Q, the vertical 
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tangent bundle VQ ^ Q of Q ^ X can be provided with the fiber bases {da} which is the 
dual of {c"}. Then a graded vector field takes the local form u = u^d\ + where u^, u"' 
are local graded functions. It acts on Aq by the rule 

^^(/a...6C« • • • C^) = U^dx{U..,V • • • + u'fa...M (c" • • • c"). (67) 

This rule implies the corresponding transformation law 

Then one can show that graded vector fields on a simple graded manifold can be represented 
by sections of the vector bundle Vq — > X, locally isomorphic to AQ* <Six {Q ®x TX). 

Accordingly, graded exterior forms on the graded manifold {X, 21q) are introduced as 
sections of the exterior bundle A Vq, where Vg — X is the AQ*-dual of Vq. Relative to the 
dual local bases {dx'''} for T*X and {dc^} for Q*, graded one- forms read 

The duality morphism is given by the interior product 

u\(t>^U^(t>x + {-li'>"'^u''(t>a. 

Graded exterior forms constitute the bigraded differential algebra (henceforth BGDA) Cq 
with respect to the bigraded exterior product A and the exterior differential d. 

Since the jet bundle J^Q — > X of a vector bundle Q — > X is a vector bundle, let us 
consider the simple graded manifold {X, ^jrQ) constructed from J^Q — > X. Its local basis 
is {x^, c^}, < |A| < r, together with the transition functions 

c'aV = t^A(p-ci), dx = dx+Y. cl^Ada, (68) 

|A|<r 

where are the duals of cj^. Let C}rQ be the BGDA of graded exterior forms on the 
graded manifold (X, Sljrg). A linear bundle morphism 7r^_^ : J'^'Q J''^^Q yields the 
corresponding monomorphism of BGDAs C*jr-iQ Cjrg- Hence, there is the direct system 
of BGDAs 

C*Q^C*j.Q---^^C*jrQ^---. (69) 

Its direct limit C^Q consists of graded exterior forms on graded manifolds (X, Sl^r^), r e 
N, modulo the pull-back identification, and it inherits the BGDA operations intertwined 
by the monomorphisms 7r^_i*. It is a C°°(X)-algebra locally generated by the elements 
(1, cl, dx\ 9% = del - cl+Adx^): < |A|. 

In order to regard even and odd dynamic variables on the same footing, let Y X be 
hereafter an affine bundle (or a subbundle of an affine bundle which need not be affine). 
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and let V^Y C O^^Y be the C°°(X)-subalgebra of exterior forms whose coefficients are 
polynomial in the fiber coordinates yX on jet bundles J^Y — > X. Let us consider the 
product 

S*^ = CQ A V*^Y (70) 

of graded algebras C^Q and V^Y over their common graded subalgebra 0*X of exterior 
forms on X \29]. It consists of the elements 



EV'i«'0i, ^eC*^Q, (l>eV*^Y, 

i i 

modulo the commutation relations 

^00 = (-l)Hl^l0®V^, ^eCQ, <i>eV*^Y, (71) 

(^/^ A a) (g) = ^ O (cr A 0), aeO*X. 

They are endowed with the total form degree j'^j + |0| and the total Grassmann parity 
Their multiplication 

(V- ® 0) A (^' ® := (-l)l-^'ll'^l(^ A ® (0 A </)'). (72) 

obeys the relation 

if A if' = A ip, ip, if' e 5;,, 

and makes 5^ (70) into a bigraded C°°(X)-algebra. For instance, elements of the ring 5"^ 
are polynomials of c\ and y\ with coefficients in C°°(X). 
The algebra is provided with the exterior differential 

rf(^®0):=(rfc^)®0+(-l)W^®(rf^0), </.eP^, (73) 

where (ic and d-p are exterior differentials on the differential algebras C^Q and , 
respectively. It obeys the relations 

ci(99 A if') = dip A if' + (-l)l'^l<^ A dip', ip, ip' e S^, 

and makes into a BGDA. We agree to call elements of the graded exterior forms 
on X. Hereafter, let the collective symbols stand both for even and odd generating 
elements c^, y\ of the C°°(X)-ring S^. Then the BGDA is locally generated by 
{1, s^,dx^,9^ = dsj^ — s^_^j^dx^), |A| > 0. Since the generating elements and 9^ are 
derived from s^, the set {s^} is called the local basis for the BGDA 5"^. 
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Similarly to O^^Y, the BGDA is decomposed into iS^-modules of A;-contact and 
r-horizontal graded forms together with the corresponding projections hk and h"^. Accord- 
ingly, the exterior differential d (73) on is split into the sum d — dn + dy oi the total 
and vertical differentials 

dH{<f>) = dx^ A dx{<f>), dv{<P) ^eiA d^<p, <f> e S*^. 

One can think of the elements 

L^Cue S'^\ 6{L) = Y: i-ir^e^ A dj^id^L) e 5^" 

|A|>0 

as being a graded Lagrangian and its Euler-Lagrange operator, respectively. 

A graded derivation e of the M-ring is said to be contact if the Lie derivative 
preserves the ideal of contact graded forms of the BGDA <S^. With respect to the local 

basis {x^, s^, dx^, 9^) for the BGDA 5^, any contact graded derivation takes the form 

^ = + = ^^dx + {^""dA + E c^A^^ai) , (74) 

|A|>0 

where ^9'^, i)^ are local graded functions [29]. The interior product tJJ^ and the Lie derivative 
L^0, 4> G S^, are defined by the formulae 

^J0 = ^^0A + (-i)[^%^0A, 0e5^, 

{(f) A a) ^ (i?j0) Aa + (-l)l'^l+M[''l0 A (^^Ja), (p,(JeS*^, 
L^(f) = i?J# + d{^\(f)), L^{(f) A (j) = L^{(f)) Aa+ (-l^^^^'^'^cf) A L^{a). 

The Lie derivative L^L of a Lagrangian L along a contact graded derivation i) (74) 
fulfills the first variational formula 

UL = ^v\SL + dnihoi^l^L)) + dv{^H\u;)C, (75) 

where El is a. Lepagean equivalent of a graded Lagrangian L [29]. 

A contact graded derivation i? is said to be variational if the Lie derivative (75) is dn- 
exact. A glance at the expression (75) shows that: (i) a contact graded derivation ■»? is 
variational only if it is projected onto X, and (ii) is variational iff its vertical part "dy is 
well. Therefore, we restrict our consideration to vertical contact graded derivations 

^ = E dAV^di (76) 

0<|A| 

Such a derivation is completely defined by its first summand 

v^v''{x\si)dA, 0<\A\<k, (77) 
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which is also a graded derivation of iS^. It is called the generalized graded vector field. 
A glance at the first variational formula (75) shows that (76) is variational iff v\6L is 
(iij-exact. 

A vertical contact graded derivation (76) is said to be nilpotent if 

K{K<I>) = E i^Ed^i^M + (-l)[^""^"l^;Ma|a^)0 = (78) 

|S|>0,|A|>0 

for any horizontal graded form G or, equivalently, (i) o '&){f) = for any graded 
function / e S^. One can show that i9 is nilpotent only if it is odd and iff the equality 

^(v^) = E ^i^K^^) = (79) 

|S|>0 

holds for allv^ [29]. 

Return now to the original gauge system on a fiber bundle Y with a Lagrangian L (1) 
and a gauge symmetry v (4). Let us consider the BGDA 

S*JW;Y]=CIWAP*^Y 

whose local basis is {d",y^}. Let L G 0^''Y be a polynomial in y\, < \L\. Then it is 
a graded Lagrangian L G V^Y C in Its gauge symmetry v (4) 

gives rise to the generalized vector field ve = v on E, and the latter defines the generalized 
graded vector field v (77) by the formula (5). It is easily justified that the contact graded 
derivation i? (76) generated by v (5) is variational for L. It is odd, but need not be nilpotent. 
However, one can try to find a nilpotent contact graded derivation (76) generated by some 
generahzed graded vector field (6) which coincides with ■»? on V^Y. Then v (6) is called a 
BRST symmetry. 

In this case, the nilpotency conditions (79) read 

E rfE(E ^i^^ E 5f + E dAiunvi'^ = 0, (80) 

E S A A 

E(E MK-cQd^ + dA{und^)u^ = (81) 
A s 

for all indices j and q. They are equations for graded functions G Y]. Since these 

functions are polynomials 

- ulo) + E + E ^l^fjA'Al + ■ ■■ (82) 

r ri,r2 

in c%, the equations (80) - (81) take the form 

E^i^lE^^cD E^f + E^aK2))^^'^ = 0, (83) 

E S A A 
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Ec^AKfe^2))^^'^ = 0, (84) 

A 

EE^A(^fc^s)^H-i)+ E rfAK^))9,X) = 0. (85) 

A S m+n— l=fc 

One can think of the equahties (83) and (85) as being the generahzed commutation relations 
and generahzed Jacobi identities of original gauge transformations, respectively [9] . 

6 BRST symmetries in gauge gravitation theories 

Following the procedure in Section 5, let us obtain BRST symmetries of gauge gravitation 
theories listed in Section 2. 

Given a gauge system on the fiber bundle (58), let us consider the BGDA 

S*JTX; ExCk]^ C*^[TX] A Voo[^ x Ck], (86) 

whose basis consists of even elements o'"'^, k^^^ and odd elements c^, which are ghosts 
substituting for parameters in the gauge symmetry (59). We obtain the nilpotent BRST 
symmetry 

da-^^''^ ^dk.-p'' dc>^~^^ ^^^^ ''''^ha-^^ ^^^^ 



d , .. d 



{c'^kf/p Cpkfj"'^ c'iiku'^ (3 + c^kxiJ^p) + c^^^^^- 

The BGDA of the gauge system on the fiber bundle (60) is S^\TgP] C x E] whose odd 
basis elements d" and substitute for parameters ^'^ and r'^ in the gauge symmetry (61). 
The corresponding BRST symmetry reads 

V = {c;,alc^ + c\- ay, - c^a^)^ + (^'^"c^ + ^"'^c^ " ^'^a')^ + (§8) 

A 

Turn now to the gauge theory of gravity in the presence of fermion field. Since gauge 
transformations (35) fail to form a closed algebra, one can not associate to them a nilpotent 
BRST symmetry. Therefore, let us consider the gauge gravitation system on the fiber bundle 
(64). Its BGDA is 



19 



whose odd basis elements c"* and play the role of ghosts of the gauge symmetry (65). 
The associated BRST symmetry is 

8 

^ = \C„CFc -C (J^^-C Im c(^d)-Q^ + [C Im BV " C )dA + (89j 

\ a ^ 

1 f) f) 

7 The BV quantization 

As was mentioned above, we restrict our consideration to the BV quantization of the metric- 
affine gravitation theory. Its original Lagrangian Lma on the fiber bundle E x Ck need not 
be specified, but it possesses the gauge symmetry v (59). It is important that this gauge 
symmetry is complete and irreducible. 

Let us note that any Lagrangian L has gauge symmetries. In particular, there always 
exist trivial gauge symmetries 

A S 

Furthermore, given a gauge symmetry v (4), let /i be a linear differential operator on some 
vector bundle E' — > Y, coordinated by {x^,y^,^'^), with values in the vector bundle E. 
Then the composition v o h — v'^'^^'^di is a variational symmetry of the pull-back onto 
E' of a Lagrangian L on Y, i.e., a gauge symmetry of L. In view of this ambiguity, we 
agree to say that a gauge symmetry v (4) of a Lagrangian L is complete if a different gauge 
symmetry v' of L factors through v as 

v'o^voh + T, T^O. 

In the case of a generic metric-affine Lagrangian Lma on the jet manifold J^(S x Ck), 
the gauge symmetry v (59) is complete. Although there are Lagrangians, e.g., the Hilbert- 
Einstein scalar curvature and the Yang-Mills type Lagrangian which admit more wide gauge 
symmetries. Note that a metric-affine Lagrangian Lma usually depends on k/J^p through 
the curvature Rx^'^p (8). The Euler-Lagrange operator 

5Lma = Eapda'^^ Acu + S^^^dk^'^p A u (90) 

of a metric-affine Lagrangian takes its values in the fiber bundle 

{V*T.xV*Ck) ® AT*X, (91) 

X T,xCk 
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coordinated by {x^, a^'^, kx^a, <^ij.u, k'^v°')- Due to the canonical splittings 

T/*S = ExE* = Ex VTX, V*Ck = Ck ^ Cr = Ck ^{®TX ®T* X), (92) 

XX X X X 

the fiber bundle (91) is isomorphic to 

(E X Ck) X (E* X ) (8) A T*X. 

X X X X 

A complete gauge symmetry v 96 (4) is called reducible if there exist a vector bundle 
Wq — >■ X and a £'-valued differential operator 9^ on the bundle product Eq = Y x Wq 
which is linear on Wq and obeys the equality 0. If v'^ is another differential operator 

possessing these properties, then factors through 

The gauge symmetry (59) is irreducible because its term of maximal jet order is r'^pd^^ . 
Indeed, let us assume that there exist a vector bundle Wq — > X coordinated by {x^,w^) 
and the above mentioned differential operator on the bundle product 

X X 

with values in the vector bundle £^ (58) such that 0. Given the maximal jet order 

term 

E ^o^-^i^ 96 (93) 

lE|=fc 

of the operator 1;°, the equality v ov^ ^ Q results in the condition 

d 

|S|=fc P 

It follows that all coefficients vq^^ and, consequently, the term (93) vanish on-shell. 

By virtue of Noether's second theorem, the gauge symmetry (59) defines the Noether 
operator A (54) on the fiber bundle (91) with values in the fiber bundle 

(ExCifXT*X) Xt*X, (94) 

XX HxCk 

coordinated by {x^,a^^ ^kx" a,'^\)- The formula (57) gives 

A = T^ E [Af '^a^^ + Aa/^'^^aF/]^ = (95) 

|A|=0,1,2 

{-k/p6t + A;/a5^ + kx%S;)d,k\f' + d^pk\^]uj. 
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Following the standard BV quantization procedure [4, 5], let us construct the extended 
Lagrangian which obey certain condition and depends on ghosts and antifields. 

In order to introduce antifields of even fields a"'^, /c^"^ and odd ghosts r^, let us extend 
the BGDA (86) to the BGDA 

S*[TXx(E*xCt)®AT*X;J:xCKxT*X®AT*X], (96) 

XXX XX X 

where the splittings (92) has been used. The local basis for the BGDA (96) is 

{a'^^fc/^,c\a^.,F/,CA}, (97) 

where the antifields ap,^, A''^,/" arc odd, while the antifields c\ are even. It is convenient to 
use right graded derivations d with respect to antifields. They act on graded functions 
and forms (f) on the right by the rule 

d (0) = d0L9 + d(0L9 ), 9 (0 A (/)') = (-i)f^'i d (0) A 0' + 0A a (0')- 

An original metric-affine Lagrangian Lma is assumed to be polynomial in variables cr^^, 
kx^a- Therefore, it is obviously a graded Lagrangian in the BGDA (96). Given the BRST 
symmetry v (87), let us consider the graded density 

L = Cu = Lma + V'^aapuj + v^'^pVJou + v^cxou. (98) 

One can show that it obeys the following conditions 

i — ■( — < — 

dCSL "dC SL ^aC6L , 

L|i,.E.-^„ = Lma. (101) 

A glance at these conditions shows that L (98) is a proper solution of the master equation 
(100) [4, 5]. Thus, it is the desired extended Lagrangian. 

One can write different variants of a gauged-fixed Lagrangian (see, e.g., [33] for the 
problem of the general covariancc in quantum gravity). By analogy with the Lorenz gauge 
in Yang-Mills gauge theory, let us choose the gauge-fixing quantity 

= a^'^Sx^'^f, = (7^'^(A;a/^ + k^x%), (102) 

where Sx^^p is given by the expression (9). In order to define a gauge-fixing density, we 
add even elements S^, odd elements Cf and their even antifields to the local basis for 
the BGDA (96). Then this gauge-fixing density reads 

$ = ^^f(^^|-5>. (103) 
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The desired gauged-fixed Lagrangian Lqp comes from the graded Lagrangian 
L + Bpiu = Lma + V'^Gapu + v^'^pVJu + v^cxu + Bpiu 
by means of replacement of antifields with the variational derivatives 

fx P 

One obtains 

Cgf = >Cma - v^'^Ci^iKf.^ + + 2v^Jd,{C^a'^n + B^{^B^ - S^) = (104) 

Given the Lagrangian (104), one can not automatically write the generating functional 
of quantum gravity because the BV quantization procedure fails to provide a functional 
measure. However, this generating functional at least is a Gaussian integral with respect to 
variables B'^. Therefore, we can replace the Lagrangian (104) with the effective one which 
takes the familiar form 

>Cegf = Cma + C^Mi^c^ + \a^''a^''{kx/o. + k^x''a){k^u% + k,^%), 

where is a linear third order differential operator acting on ghosts c^. 
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